Quantum Field Induced Orderings in Fully Frustrated Ising Spin Systems by Tanaka, Shu et al.
ar
X
iv
:1
00
3.
58
14
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  3
0 M
ar 
20
10
Quantum Field Induced Orderings in Fully Frustrated Ising Spin Systems
Shu Tanakaa, Masaki Hiranob, Seiji Miyashitab,c
aInstitute for Solid State Physics, University of Tokyo, 5-1-5 Kashiwanoha, Kashiwa-shi, Chiba, 277-8581, Japan
bDepartment of Physics, University of Tokyo, 7-3-1, Hongo, Bunkyo-ku, Tokyo, 113-0033, Japan
cCREST, JST, 4-1-8, Honcho Kawaguchi, Saitama, 332-0012, Japan
Abstract
We study ordering mechanism which is induced by a quantum fluctuation in fully frustrated Ising spin systems. Since there are
many degenerated states in frustrated systems, “order by thermal disorder” often takes place due to a kind of entropy effect. To
consider “order by quantum disorder” in fully frustrated Ising spin systems, we apply transverse field as a quantum fluctuation. In
triangular antiferromagnetic Ising spin system, there exists a ferromagnetic correlation in each sublattice. The sublattice correlation
at zero temperature is enlarged due to transverse field. The quantum fluctuation enhances the solid order at zero temperature. This is
an example of quantum field induced ordering in fully frustrated systems. We also study a case in which the transverse field induces
a reentrant behavior as another type of order by quantum disorder, and compare correspondent cases in the classical systems.
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1. Introduction
Orderings in frustrated systems are very interesting top-
ics and have been studied by a number of researchers. Be-
cause frustrated systems, such as triangular, kagome´, and py-
rochlore antiferromagnets, have many degenerated states, en-
tropy plays an important role in ordering mechanism. In un-
frustrated model, such as ferromagnetic Ising model, ferromag-
netic order destroys by increasing temperature. On the other
hand, in geometrical frustrated systems, orderings due to ther-
mal fluctuation often occurs, which is called “order by disor-
der” [1, 2, 3, 4, 5, 6]. For example, Villain et al. have stud-
ied homogeneous fully frustrated Ising spin system which is
the so-called “Villain model” and concluded existence order-
ing owing to thermal fluctuation in this system [1]. Other ex-
ample is reentrant phase transition where the order parame-
ter shows non-monotonic behavior as a function of tempera-
ture [7, 8, 9, 10, 11, 12]. Generally speaking, because frus-
tration makes peculiar density of states, thermal fluctuation in-
duced ordering can occur. Other type of fluctuation is quan-
tum fluctuation. It is well-known that quantum fluctuation also
makes orderings as well as thermal fluctuation [13, 14]. For ex-
ample, Moessner, Sondhi, and Chandra have studied quantum
dimer model [14]. This model corresponds to classical dimer
covering problem and Ising model with transverse field on its
dual lattice by controlling the parameter of the hopping dimer
and the on-site potential. In quantum dimer model, there are
many ordering structure due to quantum fluctuation.
Motivation of our study is to clarify the effect of the quantum
fluctuation comparing with the effect of the thermal fluctuation.
We study the sublattice correlation function at the ground state
as a function of transverse field on triangular Ising antiferro-
magnets. We also consider the quantum fluctuation induced
reentrant behavior on frustrated decorated bond system.
2. Model
In this paper, we study the ground state properties of geomet-
ric fully frustrated Ising model with transverse field by exact
diagonalization method for small system and by power method
for relatively large system. We consider transverse Ising model
on triangular antiferromagnets and on decorated bonds where
thermal (i.e. classical) reentrant phase transition occurs.
2.1. Triangular Ising Antiferromagnets
Most well-known geometric fully frustrated Ising model is
triangular Ising antiferromagnets. Because there are many de-
generated ground states in frustrated system, the residual en-
tropy is very large and plays an important role in ordering phe-
nomena. Number of researchers have studied the residual en-
tropy of triangular Ising antiferromagnets analytically and they
concluded this value is 0.323kB per spin, where the value is
about 46.6% of total entropy [15, 16, 17, 18, 19].
We consider the ground state properties of triangular antifer-
romagnetic Ising system with transverse field. The Hamiltonian
of this system is given by
H = J
∑
〈i, j〉
σziσ
z
j − Γ
∑
i
σxi , (1)
where 〈i, j〉 denotes the pairs of the nearest neighbor of trian-
gular lattice and σγi represents the γ-component of the Pauli
matrix at i-th site:
σzi =
(
1 0
0 −1
)
, σxi =
(
0 1
1 0
)
. (2)
Although long-range order does not exist in antiferromag-
netic Ising spin system on triangular lattice at zero temperature
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Figure 1: Antiferromagnetic Ising model on triangular lattice. The characters
in circles A, B, and C indicate the label of sublattice.
and at zero quantum fluctuation, the correlation function shows
power law decay [20]:〈
σziσ
z
j
〉
∝
∣∣∣ri − r j∣∣∣−1/2 , (3)
where ri represents the position of the i-th site. From this re-
sult, we expect that the sublattice order can develop by addi-
tional perturbation such as transverse field. We consider the
correlation function at the ground state of N = 18 triangular
antiferromanget with periodic boundary condition as shown in
Figure 1. Three sublattices are defined as shown in Figure 1
and the sublattice magnetization mzα and z-component of total
magnetization mz are given by
mzα =
3
N
∑
i∈α
σzi , m
z
=
1
N
∑
i
σzi (4)
where α = A, B, and C indicates the label of sublattice. Fig-
ure 2 shows the sublattice magnetization and the correlation
of sublattice magnetization as a function of transverse field.(
mzA
)2
=
(
mzB
)2
=
(
mzC
)2
and mzAm
z
B = m
z
Am
z
C = m
z
Bm
z
C are
satisfied from the symmetry. From Figure 2, we can observe
the enhancement of the three-sublattice magnetization at small
transverse field. This result is the example of quantum fluctua-
tion induced ordering [14, 21].
2.2. Decorated Bond System
We study the correlation function of decorated bond system
which is depicted in Figure 3. The circles and the triangles in
Figure 3 denote system spins, σ1, σ2, and decoration spins, si,
respectively. The system spins connect many decoration spins
with ferromagnetic coupling −J depicted solid lines and the
system spins connect directly with antiferromagnetic coupling
Nd
2 J depicted dotted line in Figure 3. The Hamiltonian of this
system is given by
H = −J
Nd∑
i
(
σz1 + σ
z
2
)
szi +
NdJ
2 σ
z
1σ
z
2
−Γ
σx1 + σx2 +
Nd∑
i
sxi
 , (5)
where Nd is the number of the decoration spins.
First we consider the case of zero transverse field. The
correlation function between the system spins behaves non-
monotonic as a function of temperature due to entropy effect
of decorated spins [7, 8, 9]. At T = 0, all the spins align the
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Figure 2: Three lines denote the square of sublattice magnetization
(
mzA
)2
, the
correlation function of sublattice magnetization mzAm
z
B, and the square of total
magnetization (mz)2 at the ground state as a function of transverse field. The
square, the circle, and the triangle denote
(
mzA
)2
, mzAm
z
B, and (mz)2 at zero
transverse field, respectively. The sublattice magnetization at small transverse
field is larger than that at zero transverse field.
(
mzA
)2
=
(
mzB
)2
=
(
mzC
)2
and
mzAm
z
B = m
z
Am
z
C = m
z
Bm
z
C are satisfied from the symmetry.
Figure 3: The circles and the triangles denote the system spins and the decora-
tion spins, respectively. The solid lines and the dotted line denote ferromagnetic
coupling −J and antiferromagnetic coupling Nd2 J, respectively, where Nd is the
number of the decoration spins.
same direction, because it is the most favorable state energeti-
cally. At finite temperature the decoration spins can flip due to
the thermal fluctuation. When each decoration spins have ±1
values randomly, the ferromagnetic paths depicted by the solid
line in Fig. 3 are weakened, and the direct antiferromagnetic
interaction becomes dominant. The states, in which the deco-
ration spins align randomly, are entropically favorable. We can
calculate exactly the correlation function between the system
spins by tracing out the degree of the freedom of the decoration
spins. The correlation function is given by〈
σz1σ
z
2
〉
= tanh Keff , (6)
Keff =
Nd
2
log (cosh 2βJ) − βNd J
2
. (7)
The upper panel of Figure 4 shows the correlation function as
a function of temperature. This is thermal fluctuation induced
reentrant behavior [7, 9].
Next we consider the case of zero temperature with finite
transverse field. The correlation function between system spins
also behaves non-monotonic as a function of transverse field
2
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  5  10  15  20
σ
1 
σ
2
Temperature
Nd=2
Nd=4
Nd=6
Nd=8
Nd=10
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  5  10  15  20
σ
1 
σ
2
Transverse field
Nd=2
Nd=4
Nd=6
Nd=8
Nd=10
Figure 4: (Upper panel) The correlation function of the system spins as a func-
tion of temperature. (lower panel) The correlation function of the system spins
at the ground state as a function of transverse field. The correlation functions
as a function of temperature and transverse field show non-monotonic behavior.
The larger the the number of the decoration spins, the larger the absolute value
of correlation function.
as shown in the lower panel of Figure 4. This is the similarity
between the thermal fluctuation and the quantum fluctuation.
From this result, we expect that the lattice systems with deco-
rated bonds show quantum reentrant phase transition as well as
thermal reentrant phase transition [22].
3. Conclusion and Future Works
In this paper, we considered the ordering in homogeneous
frustrated systems due to quantum fluctuation comparing with
thermal fluctuation. In antiferromagnetic Ising spin system on
triangular lattice, we observed enhancement of three-sublattice
spin structure at finite transverse field. We also studied the
quantum reentrant behavior of the correlation function of the
decorated bond systems as well as thermal fluctuation. In this
study, we focus on only the ground state static properties. It is
future work to clarify the dynamical ordering process, which is
related to the quantum annealing [21, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34].
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